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Abstract
We examine the dynamics of a self-gravitating domain wall using the λΦ4
model as a specific example. We find that the Nambu motion of the wall is
quite generic and dominates the wall motion even in the presence of gravity.
We calculate the corrections to this leading order motion, and estimate the
effect of the inclusion of gravity on the dynamics of the wall. We then treat
the case of a spherical gravitating thick wall as a particular example, solving
the field equations and calculating the corrections to the Nambu motion an-
alytically for this specific case. We find that the presence of gravity retards
collapse in this case.
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I. INTRODUCTION
Over the past few decades, topological defects have become a familiar class of objects
in many areas of physics. In cosmology, defects are believed to arise generically during
phase transitions in the early Universe, and have been notably invoked to account for the
anisotropies which seeded cosmological structures [1]. Despite the discouraging discovery
that the power spectrum of global strings does not agree with observations of the COBE
satellite [2], recent claims of a nongaussian component in the microwave background [3]
(see also [4]), and the improved agreement of the spectrum predictions for models of cosmic
strings with a cosmological constant [5] (whose best fit coincides with the value of Λ deter-
mined from type Ia supernovae [6]) suggest that it may be still too early to discard them as
the source of cosmic structure.
Domain walls are defects that arise when the phase transition occurs by the breakdown
of a discrete symmetry. They correspond to solitons in 1+1 dimensions which are extended
in two spatial dimensions to form a wall structure. Because static wall solutions depend only
on one coordinate (the distance from the wall’s core), they can often be found analytically
in the absence of gravity, and perturbatively analytically in its presence. In a cosmological
context, it was soon realised [7] that the existence of domain walls with η >∼ 1 MeV must be
ruled out, because a network of such defects would rapidly evolve to dominate the energy of
the Universe. Nevertheless, domain walls remain intrinsically interesting objects to study,
for instance for their properties as hypersurfaces; in cosmology, domain walls have been
proposed as a realization of our universe in higher dimensions [8], and are currently being
explored as a possible resolution of the hierarchy problem [9].
When considering ‘defects’, there are two main aspects to understand: their gravita-
tional (or other particle) interactions and their dynamics. The gravity of domain walls is
an interesting and rather more subtle topic than it might seem at first sight. Indeed, unlike
all other defects (with the exception of global strings [10]), the wall’s metric is not in gen-
eral static [11,12], but admits a de Sitter-like expansion in its plane. Moreover, observers
experience a repulsion from the wall, and there is a cosmological horizon at a finite proper
distance from the defect’s core. This horizon is a consequence of the choice of coordinates,
and in a different set of coordinates [13] the wall has the appearance of a bubble which con-
tracts in from infinite radius to some minimum radius, then re-expands, undergoing uniform
acceleration from the origin. The ‘horizon’ is then simply the lightcone of the origin in these
coordinates, and is somewhat similar to the horizon of Rindler spacetime. These results
were originally obtained for infinitesimally thin walls, using the hypersurface formalism de-
veloped by Israel [14], but can be shown to be robust as an approximate description of a
thick domain wall by a perturbative expansion in the thickness of the wall [15,16], or within
the context of a fully nonlinear treatment of a scalar field coupled to gravity [17].
The crucial physical difference, then, of the self-gravitating domain wall spacetime, is the
presence of the cosmological horizon, which introduces a second length scale into the system.
Ordinarily, a defect possesses one length scale, its thickness w, however, the distance to the
event horizon of the domain wall gives another length scale, uh, which can be compared to
w. These lengths are given in terms of the coupling constants of the theory and, as taking
a thin wall limit turns out to be a very artificial construction in terms of these underlying
parameters, it becomes pertinent to examine both the gravity and dynamics for a thick
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domain wall.
The dynamics of topological defects are typically extremely nonlinear, and their study
is usually carried out in the so-called Nambu approximation, where the full-field theory
action of the model in which the defects arise is replaced by an approximation based on the
degrees of freedom of the defect’s core. At first sight, this looks like a perfectly reasonable
approximation, since—even for finite-sized defects, such as string loops and wall bubbles—
the thickness of the defect is typically many orders of magnitude smaller than its size. It
must be noted however, that the Nambu action is only a leading order approximation of the
real action, and is obtained in the limit α→ 0, where α ∝ Kw is proportional to the defect’s
typical curvature and thickness [18–21]. However, it is often the case that the small-scale
structure of defects (when α can be significant) is of particular importance when considering
their impact. It seems that quite generically these are the points at which the defects lose
most of their energy (by Higgs, gravitational or possibly other types of radiation, depending
on the type of defect) and the properties of the small-scale therefore have a direct impact
on the defects’ lifespan, which in turn dictates the possible cosmological implications they
can have.
The first attempts to derive effective actions for walls [19–21] naturally neglected gravity,
in the sense that neither curvature of the background spacetime nor the self-gravity of the
wall were considered. The effect of background spacetime curvature was considered (using
the effective action method discussed below) in [22], and the self-gravity of the wall for a
very special trajectory was considered in [20]; however, the motion of a fully self-gravitating
thick domain wall (where the curvature of spacetime is that induced by the wall) has not to
date been considered. In this paper, we address this problem, namely, using the λΦ4 field
theory, we examine the dynamics of a thick, self-gravitating kink domain wall solution.
There are essentially two methods which have been used to obtain the effective motion
of a thick defect, both of which involve in some way an expansion of the fields around
a well-known solution (such as the hyperbolic tangent kink for a λΦ4 wall). The first
approach consists of replacing the solution in the action and integrating out perpendicular
to the defect, which yields an effective action based on the defect’s core. This method
has been employed for instance in [18,20–22]. The second approach consists of examining
the field equations perturbatively in a relevant parameter (or parameters) such as α, with
the equations of motion to a particular order arising as an integrability condition (see for
instance [20]). Here we use this latter method, adapted to take the wall’s self-gravity into
account. The reason for this choice is in fact related to the inclusion of gravity in the
problem; the motion of the core of the defect interacts with massless degrees of freedom in
the bulk (the graviton) and hence a correct application of the effective action method is less
transparent.
The layout of the paper is as follows. In the next section we present the model, then
briefly introduce the Gauss–Codazzi formalism and derive the Einstein equations in the
corresponding “3 + 1” notation. We end this section by reviewing our method in the case
of a flat background spacetime. In section III we solve the field equations for the case α > ǫ
(where ǫ characterizes the gravitational interaction of the scalar field). In section IV we
discuss the particular case of a collapsing spherical wall, and we conclude in the last section.
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II. THE GAUSS–CODAZZI FORMALISM
Our starting point is the usual Goldstone matter Lagrangian,
L = (∇aΦ)
2 − U(Φ), (1)
where Φ is a real Higgs scalar field and U(Φ) is a symmetry-breaking potential which we
take to be
U(Φ) = λ
(
Φ2 − η2
)2
= λη4V
(
Φ
η
)
. (2)
This model admits domain wall solutions, where the Higgs field tends to different vacua
Φ = ±η at, say, u = ±∞ for a flat wall. This implies the existence of a surface for which
Φ = 0, and this surface defines the defect’s core.
As in [17], we scale out the dimensionful parameters from the Lagrangian by defining
X = Φ/η ǫ = 8πGη2; (3)
X now tends to ±1 at the vacua. The scalar and Einstein equations are
✷X +
2
w2
X
(
X2 − 1
)
= 0 (4a)
Rab = ǫ
[
2X,aX,b −
1
w2
gab
(
X2 − 1
)2]
, (4b)
where Rab is the spacetime Ricci tensor, and w is proportional to the inverse mass of the
Higgs after the symmetry breaking, and therefore characterizes the width of topological
defects within the theory. Note that according to (4b) ǫ characterizes the gravitational
interaction of the Higgs field.
As mentioned in the introduction, our method for finding the effective dynamics of
domain walls requires the expansion of the quantities appearing in the full equations of
motion in powers of some small parameter. This can be achieved by splitting these quantities
in their components parallel and perpendicular to the wall’s worldvolume Σ, with the help of
the Gauss–Codazzi formalism [20]. Before we start, a remark on our notation: although we
shall generally use lowercase Latin indices a, b, . . ., we may emphasize the parallel character
of some index by using uppercase Latin letters A,B, . . . For instance, the coordinates parallel
to the defect will be called σA. The proper distance from the wall will be denoted by u.
A domain wall’s core (defined by the location of X ≡ 0 in the above model) is a three-
dimensional surface in four-dimensional spacetime, and consequently it admits a (spacelike)
unit normal field denoted by na. This normal field can be regularly extended off the world-
volume by imposing na∇anb = 0, so that each surface of constant u has a normal field n
a,
a first fundamental tensor hab and a second fundamental tensor Kˆab, the latter two being
defined by
hab = gab + nanb Kˆab = h
c
a∇cnb. (5)
hab is the projection tensor onto the worldvolume (with our choice of coordinates, its parallel
components are equal to the intrinsic metric’s, and its perpendicular components vanish).
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Kab is the extrinsic curvature of Σ, which lies tangentially to the worldsheet and describes
how the wall curves away from a hyperplane in spacetime. The metric of the wall spacetime
is therefore written in this coordinate system as
ds2 = hABdσ
AdσB − du2. (6)
The Gauss and Codazzi integrability conditions for the hypersurface generated by the
wall’s core are,
Rˆab = Rcdh
c
ah
d
b + KˆacKˆ
c
b − KˆKˆab +Racbdn
cnd (7)
DˆcKˆ
c
a − DˆaKˆ = Rˆden
ehda, (8)
where Dˆa = h
c
a∇c. Using these integrability conditions, the equations of motion (4) can be
rewritten
∂hab
∂u
= 2Kˆab (9a)
∂Kˆab
∂u
= −ǫ(X2 − 1)2hab +
[
2KˆacKˆ
c
b − KˆKˆab − Rˆab
]
+ 2ǫDˆaXDˆbX (9b)
∂2X
∂u2
− 2X(X2 − 1) = −Kˆ
∂X
∂u
+ DˆaDˆ
aX (9c)
∂Kˆ
∂u
= −Kˆ2ab − ǫ
[
2X ′2 + (X2 − 1)2
]
(9d)
DˆcKˆ
c
a − DˆaKˆ = 2ǫ
∂X
∂u
DˆaX (9e)
Rˆ = Kˆ2ab − Kˆ
2 + 2ǫ
[
X ′2 − (X2 − 1)2 + DˆaXDˆ
aX
]
. (9f)
Here we have (without loss of generality) set w = 1, which amounts to using wall rather than
Planck units. The mean curvature Kˆ is the trace of Kˆab and Rˆab is the worldvolume Ricci
tensor. Note that the equations for Kˆab, Kˆ and the derivatives of Kˆ in the wall correspond
respectively to the “AB,” “uu” and non-diagonal Einstein equations. The final equation
results from the trace of (7) and turns out to be related to the integrability condition which
gives the wall equation of motion.
We now need to identify the two key parameters in these equations, as well as the de-
pendence of the variables on these parameters. Clearly the gravitational parameter appears
explicitly in the equations, however, the parameter α characterising the motion of the wall
is only implicit in the equations. The first step to identifying this parameter is to quantify
what one means by ‘motion’ of the wall; this is encoded in the components of the extrinsic
curvature on the wall core itself, since this tells us that the wall is curved in the ambient
spacetime. We therefore set
α ∼ |Kˆab (u = 0)|. (10)
Note that this is not a fundamental parameter of the theory, in that it is not given in terms
of any coupling constants or masses, but simply represents the physical motion of the wall
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and enables the effect of that motion to be correctly considered. The extrinsic curvature Kˆab,
therefore, has two main contributions: that of the motion of the wall core and that of the
gravity of the wall. This can be estimated by considering the case of the plane-symmetric
wall [17], for which α = 0, and
Kˆab = A
′A diag
(
1,−e2ct,−e2ct
)
, (11)
where A(u) = 1 + ǫA1(u) + O(ǫ
2), c = 2ǫ/3 + O(ǫ2). Clearly then, the components of Kˆab
are O(ǫ).
To summarise: in order to describe the motion of a domain wall in a curved spacetime we
naturally have two parameters; one characterising the motion of the wall itself, α, and one
the curvature of the ambient spacetime, ǫ. The basic procedure for determining the equation
of motion of the wall is to solve (9) order by order in these parameters, investigating any
constraints arising on the extrinsic curvature at each step. It is perhaps worthwhile briefly
reviewing this process for ǫ = 0, since the methodology is very similar when gravity is
included.
We begin by rescaling the extrinsic curvature and parallel coordinates via
Kˆab = αKab (12a)
σA = xA/α. (12b)
Since we are in flat space the Gauss identity (7) simplifies to,
Rab = KacK
c
b −KKab; (13)
hence
Kab = Kab|0 + αuK
c
a|0Kbc|0 (14)
(where “|0” indicates that a quantity is evaluated at the wall core) is actually an implicit
exact solution to the K-equation. To order α, we see that
K = K|0 − αuK
2
ab|0, (15)
and we can examine the X-equation (9c) by setting X = X + αX
1
, where X0 = tanh u,
finding
DX
1
≡ X ′′
1
− 2X
1
(3X2
0
− 1) = −K|0X
′
0
. (16)
Ordinarily, we might expect to be able to write the solution X
1
in terms of the basis of
eigenfunctions of the operator D, however, we cannot do this directly, since X ′
0
is in fact
the zero mode of D. We are therefore forced to either deduce that K|0 = 0, or, we can take
the approach of reference [21] and remove the requirement that the equations of motion be
regular at the wall. Since we are looking for freely moving wall trajectories, we will take the
former approach, which can be summed up as an ‘integrability requirement’: multiplying
both sides of (16) with X ′0, and integrating over IR implies
(X ′1X
′
0 −X
′′
0X1)
∞
−∞ =
∫ ∞
−∞
K0|0(X
′
0)
2 du. (17)
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In order for X1 to have the appropriate asymptotic behavior for large u it follows that
K0|0 = 0 (⇒ X1 = 0). (18)
Equation (18) is of course the Nambu equation K|0 = 0, which simply means that the core
of the defect, situated at u = 0, follows the Nambu dynamics to zeroth order.
We can then repeat this process, expanding order by order to get
hab = hab|0 + 2αuKab|0 + α
2u2Kac|0K
c
b |0 (19a)
K = K|0 − αuK
2
ab|0 + α
2u2Kab |0K
b
c |0K
c
a|0 (19b)
X = X0 + αX1 + α
2X2, (19c)
where K|0 = O(α
2), and
X2 = sech
2u
∫ u
0
cosh4 u
∫ u
−∞
(uK2ab|0) sech
4u. (20)
This is sufficient to obtain the leading corrections to the Nambu action via the integrability
constraints to third order. To third order (9c) gives
[X ′3X
′
0 −X3X
′′
0 ]
′ = −K2X
′2
0 = −(K2|0 + u
2Kab |0K
b
c |0K
c
a|0)X
′2
0 , (21)
hence
K2|0 = −
f2(∞)
f0(∞)
Kab |0K
b
c |0K
c
a|0 = −
(
π2
6
− 1
)
Kab |0K
b
c |0K
c
a|0, (22)
where fn(u) =
∫ u
0 du u
n sech4u.
Note that this process of using the integrability condition to derive a constraint on the
extrinsic curvature uses the X-equation to order O(αn+1) for a constraint on K to order
O(αn), and that this constraint only involves the even part of K, since any odd parts
integrate to zero. Moreover, the K-equation (9d) shows that the even part of K to order
O(αn) depends on the odd part of K2ab to order O(α
n−1). Keeping this observation in mind
prevents the unnecessary calculation of corrections to the geometric parameters.
III. THE MOTION OF A WALL WITH GRAVITY
In order to include gravity, we will make the initial assumption that gravity is subdom-
inant to the motion of the wall, i.e. ǫ < α. Of course this need not always be the case,
however, the derivation of the wall equations for ǫ > α is almost identical to ǫ < α, and an
expansion for general ǫ and α is so notationally cumbersome that we choose to present the
analysis in this particular case for brevity and clarity.
First of all, note that the Ricci curvature of the wall is at least of order O(α2), as can
be seen from (7), since the flat space Ricci curvature is given in terms of products of the
extrinsic curvature, and the self-gravitating wall has Rab = O(ǫ
2). We may therefore set
Rˆab = α
2Rab. (23)
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Rescaling the extrinsic curvature and parallel coordinates as in (12), and defining
δ =
ǫ
α
, (24)
the equations of motion in the presence of gravity (here characterised by δ) become
h′ab = 2αKab (25a)
K ′ab = −δ(X
2 − 1)2hab + α
(
2KacKbdh
cd − Rab −KKab
)
+ 2δα2DaXDbX (25b)
X ′′ = 2X
(
X2 − 1
)
− αKX ′ + α2DaD
aX (25c)
K ′ = −δ
[
2X ′2 +
(
X2 − 1
)2]
− αK2ab (25d)
DcK
c
a −DaK = 2δX
′DaX (25e)
αR = αK2ab − αK
2 + 2δ
[
X ′2 − (X2 − 1)2 + α2DaXD
aX
]
. (25f)
To solve these equations, we expand all quantities with respect to α:
X = X0 + αX1 + α
2X2 + · · ·
hab = h0 ab + αh1 ab + α
2 h2 ab + · · ·
Kab = K0 ab + αK1 ab + α
2K2 ab + · · ·
Rab = R0 ab + αR1 ab + α
2R2 ab + · · · ,
(26)
which also implies similar series for the traces K and R with, for instance,
K2 = K2 abh
ab
0 −K1 abh
ab
1 −K0 abh
ab
2 +K0 abh
a
1 ch
bc
1 , (27)
where all indices are raised using h0 ab. Note that we do not expand in a double series with
δ, since the presence of the α terms in the RHS of (25a,c,d) means that at any particular
order in α the series expansion in δ terminates, as we can see from (28) below. We can now
solve equations (25) order by order.
To zeroth order in α we obtain
h0 ab = h0 ab|0 (28a)
K0 ab = K0 ab|0 − δf0(u) h0ab|0 (28b)
K0 = K0|0 − 3δf0(u) (28c)
X0 = tanh u, (28d)
and (25f) is identically satisfied for X0 = tanhu. We define
fn(u) =
∫ u
0
du unV (X0) (29a)
Fn(u) =
∫ u
0
du fn(u). (29b)
Since V (X) is an even function fn is odd (respectively, even) for n even (respectively, odd).
As a result Fn is even (respectively, odd) for n even (respectively, odd). By considering the
derivative of (25f) we can deduce that
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R0 = R0|0 ⇒ R0ab = R0ab|0; (30)
however, to find the actual value of R0|0 we need to go to first order for X (see equation
(36) below).
To first order, we immediately obtain
h
1ab = h1ab|0 + 2uK0ab|0 − 2δF0h0ab|0 (31)
and
X ′′
1
− 2X
1
(3X2
0
− 1) = −X ′
0
[K
0
|0 − 3δf0]. (32)
The integrability requirement then constrains K
0
|0 = 0, and X1 is found to be
X1 = 3δX
′
0
∫ u
0
1
X ′0
2
∫ u
−∞
f0X
′
0 = −
δ
6
3u+ tanhu
cosh2 u
. (33)
Note that X1 is a correction due to the presence of gravity. Then
K1 = K1|0 − uK
2
0ab|0 − 4δX
′
0X1 − δ
2G0 (34a)
K1 ab = K1 ab|0 − δf0h1 ab|0 + 2uK0ac|0K0
c
b|0 − δ (2f1 + F0)K0 ab|0
+ δG1(u)h0 ab − uR0 ab|0, (34b)
where the functions G0 and G1 are defined by
G0(u) =
∫
du
(
4 tanhu sech2uX1 + 3f
2
0
)
(35a)
G1(u) = 2f0F0 +
∫
du
(
4 tanhu sech2uX1 − 3f
2
0
)
, (35b)
and are both of odd parity. Finally, from (25f) one obtains
R0 = K
2
0 ab|0 + 2δ
2
[
2X ′0X
′
1 − 4X0X1(X
2
0 − 1)− 6f
2
0
]
= K20 ab|0 −
8
3
δ2. (36)
At second order in α, the equation for X2 is
DX2 = 6X0X
2
1 −K1X
′
0 −K0X
′
1 (37)
= −K1|0X
′
0 + uK
2
0ab|0X
′
0 + 6X0X
2
1 + 4δX1X
′
0
2 + δ2G0X
′
0 + 3δX
′
1f0.
Since all but the first term on the RHS have odd parity, the integrability requirement once
again constrains K1|0 = 0, and we can solve for X2 giving
X2 = sech
2u
∫ u
0
cosh4 u
∫ u
−∞
(uK2ab|0) sech
4u du, (38)
which is an odd function with respect to u. Therefore, there are no corrections to the Nambu
equation at first order just as in the case of flat spacetime. We do anticipate however that
such corrections will appear at second order, and so proceed to calculate K2. However, as
we commented earlier, the constraints due to the integrability requirement only pertain to
the even part of K2, and this in turn depends on the odd part of K
′
2:
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K ′2 = −2K
ab
0 K1 ab + 2K0 abK0 c
bhac1
−2δ
[
2X ′0X
′
2 +X
′
1
2 + 2X0X2
(
X20 − 1
)
+X21
(
3X20 − 1
)]
(39)
= 2uK0 ab|0R
ab
0 |0 + [even terms].
Therefore,
K2|even = K2|0 + u
2K0 ab|0R
ab
0 |0. (40)
Now, examining the X-equation at order O(α3) we find
DX3 = 2X
3
1 + 12X0X1X2 −K2X
′
0 −K1X
′
1 −K0X
′
2 (41)
and therefore the integrability requirement yields the constraint
K2|0 = −
f2(∞)
f0(∞)
K0 ab|0R
ab
0 |0 = −
(
π2
6
− 1
)
K0 ab|0R
ab
0 |0. (42)
which gives us the first perturbation of the Nambu equation.
To summarize, the first corrections to the Nambu equations of motion (reversing the
rescalings performed) appear at second order in α and are:
Kˆ|0 = −
(
π2
6
− 1
)
Kˆab|0 Rˆ
ab|0. (43)
Although we obtained this result assuming ǫ < α, it is in fact quite general, since in a
similar calculation for ǫ > α rescaling with respect to ǫ gives exactly the same result. Clearly
from (7) this correction has the correct flat space limit (22), and it would seem that the
inclusion of gravity simply modifies the second order correction to the equations of motion,
rather than causing a completely new correction to appear. Indeed the three dimensional
Ricci curvature can be seen in (7) to relate to the extrinsic and background geometry of our
spacetime.
A totally geodesic (Kab|0 = 0) solution such as the plane-symmetric wall always trivially
satisfies (43). What is of real interest, however, is the existence of non-totally geodesic
solutions verifying the perturbative equations of motion (43). A better understanding of
the Nambu correction term will involve the computation of the three dimensional curvature
tensor R0 ab|0. This task is undertaken in the next section for the specific example of a
collapsing spherical domain wall.
IV. THE COLLAPSE OF A SPHERICAL DOMAIN WALL
In this section we apply the general equations of motion (43) to the case of a collapsing
spherical domain wall. This is perhaps the simplest non-trivial example of a curved domain
wall in curved space-time, i.e. where both of our perturbation parameters α and ǫ are not
zero. The spherical domain wall has been already studied in different contexts using Israel’s
thin wall formalism [12,15,23]. A first attempt to study the thick case was undertaken in [20]
but only using equations (22) valid for a flat space-time background.
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Consider, in a spherical system of coordinates (t, r, θ, φ), a non-static scalar field repre-
senting a domain wall matter coupled to a spherically symmetric metric
ds2 = A2(t, r)dt2 − B2(t, r)dr2 − r2dΩ2II . (44)
The field equations one has to solve are the coupled Einstein and scalar equations, which
can be written in a convenient way as
(AB)′
AB3
= ǫr
(
X˙2
A2
+
X ′2
B2
)
(45a)
[(
1−
1
B2
)
r
]′
= ǫr2
(
X˙2
A2
+
X ′2
B2
+ V (X)
)
(45b)
B˙
B
= ǫrX ′X˙ (45c)
A′′
AB2
−
A′B′
AB3
−
B¨
BA2
+
B˙A˙
BA3
+
2A′
rAB2
= 2ǫ
X˙2
A2
− ǫV (X) (45d)
✷X + 2X(X2 − 1) = 0. (45e)
For small values of ǫ≪ 1, consider the field expansion,
X = X0 + ǫX1 +O(ǫ
2) (46a)
A = 1 + ǫA1 +O(ǫ
2) (46b)
B = 1 + ǫB1 + O(ǫ
2). (46c)
In order to solve (45) perturbatively one has to first solve the scalar equation (45e) to zeroth
order in ǫ. Then integrating out the Einstein equations (45a-45c) we can obtain the first
order ǫ corrections for the metric A1 and B1. Let us first define the wall’s position and
discuss some general features about the solution before solving (45).
The location of the wall is defined by the zero of the Higgs field, and will have coordinates
Xa = (t, R(t), θ, φ). We start by making the observation that in order for the wall to be
identifiably a topological kink solution, R(t) ≫ 1, and without loss of generality, we can
assume that X < 0 (respectively, X > 0) for r < R(t) (r > R(t)). (Note that these are not
the Gauss–Codazzi gauge coordinates centered on the wall’s core.)
We consider the following initial conditions which are compatible with the fact that, due
to its spherical symmetry, the wall is not radiating:
R(t = 0) = Ri, R˙(t = 0) = 0. (47)
The wall’s initial bending parameter is defined as α = 1/Ri.
For an inertial observer situated outside the wall, r > R(t), so by Birkhoff’s theorem the
exterior metric is Schwarzschild:
ds2 =
(
1−
2GM
r
)
dt2 −
(
1−
2GM
r
)−1
dr2 + r2dΩ2II , r > R(t). (48)
In the same way, inside the wall the spacetime metric is flat to a very good approximation.
The wall’s mass, as measured by a distant observer, is M = 4πσR2i and the Schwarzchild
radius is given by rS = 2GM . In order for Ri > rS, one must impose the relation α > ǫ.
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Keeping these considerations in mind, let us now proceed with solving our field equations
order by order in ǫ in the region close to the wall’s core, r ≈ R(t). In order to do so, we
must also expand the function R(t), determining the wall’s position, in powers of ǫ,
R(t) = R0(t) + ǫR1(t) +O(ǫ
2). (49)
Of course R0(t) will in fact be given in terms of a power series in α: R0(t) = R0(t)+α
2R2(t)
etc.
To zeroth order in ǫ, i.e. in a flat background spacetime, we can define the unit, exterior
pointing, normal vector to the wall’s core at r = R0(t) as
na = (R˙0, 1, 0, 0)/
√
1− R˙0
2
. (50)
The intrinsic metric and extrinsic curvature components of the wall (at r = R0(t)) are easily
calculated in turn using (5). The extrinsic curvature for ǫ = 0 is then given by
Kab =
R¨0δ
a
t δ
t
b
(1− R˙0
2
)3/2
+
δaθδ
θ
b + δ
a
φδ
φ
b
R0
√
1− R˙0
2
(51)
and the equation of motion (using (22)) is
R¨0 = −
2
R0
(1− R˙0
2
)−
(
π2
6
− 1
)[
R¨30
(1− R˙20)
3
+
2
R30
]
+O(α3). (52)
This can be solved iteratively, giving to leading order
(
R0
Ri
)4
= 1− R˙0
2
. (53)
which can be solved analytically and numerically, as can the O(α2) correction (see [20] and
[24,25]), giving the wall trajectory as shown in figure 1. To O(α2) we note that R0 satisfies
1− R˙20 =
R40
R4i
[
1−
2C
R2i
(
1−
R6i
R60
)]
, (54)
where C ≡ f2(∞)/f0(∞) = π
2/6− 1. From (52) and (53) we note that d
n
dtn
R0 = O(α
n−1).
In order to solve for the spacetime metric, we need X0. From the work of the previous
section we know that X0 = tanh u+ χ2, where χ2 is given from equation (20) as
χ2 =
6
R20(1− R˙
2
0)
sech2u
∫ u
0
cosh4 u
∫ u
−∞
u sech4u, (55)
and is clearly of order O(α2). Here, u is the proper distance from the wall. Using (50) we
note that
t = t′ +
uR˙0(t
′)√
1− R˙0
2
(t′)
(56a)
r = R0(t
′) +
u√
1− R˙0
2
(t′)
, (56b)
12
1 2 3 4 5
t
1
2
3
4
5
6
R
(t
)
 
 
FIG. 1. The trajectory for the collapsing wall in flat spacetime. The solid line is the leading
order Nambu trajectory, and the dashed line the trajectory including O(α2) corrections. For
illustrative purposes the rather large value of α = 1/5 has been chosen.
where (t′, u) are the coordinates of the point (t, r) in Gaussian Normal gauge.
In order to find the metric, first note that we can directly integrate (45a) and (45b)
implicitly, finding
B1 =
1
2r
∫ r
0
r2
[(
1 + R˙20(t
′)
1− R˙20(t
′)
)
X ′20 + V (X0)
]
dr (57a)
A1 = −
1
2r
∫ r
0
r2
[(
1 + R˙20(t
′)
1− R˙20(t
′)
)
X ′20 + V (X0)
]
dr +
∫ r
0
r
(
1 + R˙20(t
′)
1− R˙20(t
′)
)
X ′20 dr, (57b)
where we have used (56) to obtain u˙2+u′2 = [1+R˙20(t
′)]/[1−R˙20(t
′)]. We may now substitute
the form of X0(u, t
′) to the required order, replace the r-integral by a u-integral along a line
t = const, then Taylor expand t′ around u = 0 to the required order in α. For example, B1
gives the mass function via B−2 = 1 − 2GM(r)/r ⇒ GM(r) = ǫrB1. Computing B1 from
the above expression to O(α2) yields
GM(r) =
ǫR20√
1− R˙20
f˜0(u) + 2ǫ
R4i
R30
f˜1(u) + ǫR
2
i sech
2uχ2(u) + ǫ
R6i
R60
[
f˜2(u) + 6R˙
2
0uf˜1(u)
]
(58)
where we have put
f˜n(u) =
∫ u
−∞
du unV (X0). (59)
This gives the ADM mass (using 54) as
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FIG. 2. The r−r component of the metric for the collapsing wall solution of figure 1 for various
values of t up to tc, the critical value of t for which the wall reaches its Schwarzschild radius. Again,
for illustrative purposes, the rather large value of ǫ = 1/14 has been chosen.
GMADM = lim
r→∞
ǫrB1 =
ǫR20√
1− R˙20
f˜0(∞) + ǫ
R6i
R60
f˜2(∞) =
4
3
ǫ
(
R2i +
π2
6
− 1
)
, (60)
which is indeed constant, and agrees to leading order with the expected result. Figure 2
shows the evolution of the grr metric component up to the formation of a black hole.
The gravitational Nambu equation for ǫ 6= 0 at u = 0 is given by
R¨ +
2
R
nA2 + (A′A+ R˙B˙B)n + R˙2
(
B′
B
−
A′
A
)
+ R˙
(
B˙
B
−
A˙
A
)
= O(α2ǫ), (61)
where n = B−2 − R˙2A−2. Note that the gravitational correction to A and B is O(δ) not
O(ǫ), where δ = ǫ/α was defined in (24). This means that gravitational corrections to the
wall motion potentially could appear at O(δ). Since the flat space wall equations are intially
O(α), we could have the catastrophic situation that adding gravity swamps the wall motion,
and has a superdominant effect. In fact, this turns out not to be the case. The computation
of the A and B contributions to O(δ) in (61) shows that they cancel. Instead, the leading
order correction appears at O(δα = ǫ), which is therefore subdominant to the flat space
motion, and is plotted in figure 3
R¨ = −
2
R
(1− R˙2) + 2ǫ(1− R˙2)3/2 +
2ǫ(4 ln 2− 1)R˙2
3R
(1− 6R˙2 + 3R˙4) (62)
Note that we have included the O(αǫ) correction, since it is the same order as the finite
width correction, however, this has not been used in the computation of the corrected
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Nambu trajectory in figure 3. We should stress that this correction does not mean that the
wall trajectory is no longer Nambu, it simply gives the right gravitational alteration to the
trajectory to allow the wall to remain a minimal surface in the now curved spacetime. What
is important however, is that the correction is subdominant to the flat space motion and is a
simple ‘nudge’; there is no evidence that adding gravity gives any catastrophic effect which
could force a trajectory to be totally geodesic.
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FIG. 3. A comparison of the leading order (i.e. Nambu) flat space bubble trajectory (solid line)
and the leading order (Nambu) trajectory in the presence of gravity. As before, for illustrative
purposes the rather large values of α = 1/5 and ǫ = 1/14 have been chosen. Although the bubble
actually reaches its Schwarzschild radius at t ≃ 2.45 (see fig 2), we have chosen the t-range for
direct comparison with figure 1.
What is of real interest to us however, at least in the context of our general equation
(43), is the correction to the Nambu motion. Indeed, having a particular example, we can
explicitly calculate Rab from Gauss’s equation (7). Since we have not rescaled our quantities
here, we can check that the correction term is indeed of the right order, and get an idea
of the physical implication that the correction induces (at least in this particular example).
We obtain,
Kˆ0 =
π2 − 6(
1− R˙0
2
)3/2

 1
R30
+
ǫ
R0
R˙0
2
(1 + R˙0
2
)(
1− R˙0
2
)2

 . (63)
The first term is a correction term of order O(α3) due to the bending of the wall, already
present in flat space-time as predicted in [20]. The second correction term is due to self-
gravity appearing at O(αǫ), as we were indeed expecting (for a spherical wall α > ǫ). Note
that the finite width gravitational correction can dominate the extrinsic curvature correction,
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depending on the relative magnitudes of ǫ and α2. Finally from the overall positive sign
we can deduce that the corrections to the Nambu motion induce a slowdown of the wall’s
collapse.
Using (62) and (63) we can write the full equation of motion (i.e. including the dominant
deviation to Nambu motion) for a collapsing spherical wall up to and including order αǫ,
R¨ = −
2
R
(1− R˙2) + 2ǫ(1− R˙2)3/2 +
2ǫ(4 ln 2− 1)R˙2
3R
(1− 6R˙2 + 3R˙4)
+ (π2 − 6)
ǫ
R
R˙2(1 + R˙2)(
1− R˙2
)2 . (64)
Before leaving the collapsing wall, it is worthwhile comparing our thick wall calculation
with the results of Ipser and Sikivie, [12], obtained for the collapsing thin wall. In order
to obtain the Israel thin wall approximation one should reintroduce the width parameter w
which has been set equal to unity throughout this analysis. Then α = w/R (where R is a
typical radius of curvature of the wall) is a dimensionless parameter. The Israel limit is then
obtained by letting α and ǫ tend to zero, while keeping their quotient δ fixed. This amounts
to keeping the horizon distance from the wall finite i.e., keeping the wall self-gravitating (as
one should in this formalism). This also gives us the correct limit without involving the
normal coordinate u in the limiting procedure. Taking this limit in (64) gives
R¨ = −
2
R
(1− R˙2) + 2δ(1− R˙2)3/2 (65)
which is obviously only correct to O(δ). The translation to the calculation of Ipser and Sikivie
is not direct, since our coordinates correspond to the interior coordinates of their bubble,
however, once the correct correspondence is made, we do indeed find precise agreement to
order O(δ)=O(Gσ).
V. CONCLUSIONS
We have obtained a general equation of motion (43) describing a moving wall in curved
spacetime. This was achieved by analytically solving the Einstein and scalar matter field
equations order by order with respect to two parameters: the wall’s bending parameter, α,
and the gravitational strength parameter, ǫ, expressing the curving of spacetime. We then
considered a particular example, the collapsing spherical domain wall, which is perhaps the
simplest non-trivial example with both parameters different from zero. In the context of
this example we found that the corrections to the flat space Nambu motion tended to slow
down the wall’s collapse.
Throughout this paper we have considered a thick wall with scalar (Higgs) matter. This
was done in order to examine the problem in its analytic (with respect to the spacetime
metric) and most general context and also in order to pick up finite width gravitational
corrections. As we discussed at the end of the previous section, in order to obtain the Israel
thin wall approximation one takes the limit α→ 0 and ǫ→ 0 keeping δ fixed. Although the
spherical wall was only explored to O(δ), the arguments in section III show in all generality
that the corrections to the Nambu equation of motion K = 0 are finite width corrections,
16
and hence disappear in the thin wall limit, giving simply gravitational corrections to the flat
space trajectory.
A totally geodesic (Kab|0 = 0) solution such as the plane-symmetric wall always trivially
satisfies (43). With respect to the physical motion of the wall a totally geodesic solution
is trivial and in particular a totally geodesic wall will not emit gravitational waves. What
is of real interest physically, is the existence of non-totally geodesic solutions such as the
spherical domain wall satisfying (43). There have been claims however (see for the related
example of a cosmic string, [26], and references therein), that the presence of gravity in
general constrains a defect’s core to be totally geodesic. For a domain wall in particular it
has been claimed that the presence of gravity induces the wall to lose its dynamical degree
of freedom and not to radiate [27]. We should stress that throughout our treatment this
constraint has not appeared and gravity affects the motion of the defect in a very natural way
in the sense that corrections to the Nambu motion appear at the same order as in the case of
a flat background spacetime. We suspect that the reason for this discrepancy is that in [27]
rather specific asymptotic boundary conditions have been placed on the spacetime, namely
that it asymptote the static planar domain wall solution. If, however, a wall is oscillating, we
expect that its effective equation of state will change, analogous to that of the wiggly cosmic
string [28], which will change the spacetime metric even asymptotically. Mathematically,
this can be seen via the divergent behaviour of the metric perturbations in the Gaussian
Normal gauge due to proper motion of the wall, and was discussed in the context of higher
dimensional domain walls in [29]. Following [28], we expect that the equation of state of
the wall will have the form σT 2 = σ30, or, that perturbatively the effect on the energy-
momentum tensor of the wall will be to increase the energy by δσ, and decrease the tension
by δσ/2. Note that this perturbation is tracefree, and localised on the wall. In fact if we
regard our domain wall as a 2 + 1-dimensional universe, this energy momentum would be
that appropriate to a radiation dominated cosmology. Such systems have been explored in
a different context in, for example, [30].
As a final point it should be clear that although we have considered a four-dimensional
spacetime our equations of motion are valid for any (n − 2)-brane of an n-dimensional
spacetime. Our analysis however relies heavily on the fact that the wall is a hypersurface
of the ambient spacetime i.e. that codimension is one. If we were to consider dynamics of
strings for instance, the picture could in principle be quite different.
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